Compared with the traditional ionospheric-free linear combination precise point positioning (PPP) model, the un-differenced and uncombined (UDUC) PPP model using original observations can keep all the information of the observations and be easily extended to any number of frequencies. However, the current studies about the multi-frequency UDUC-PPP ambiguity resolution (AR) were mainly based on the triple-frequency BeiDou navigation satellite system (BDS) observations or simulated data. Limited by many factors, for example the accuracy of BDS precise orbit and clock products, the advantages of triple-frequency signals to UDUC-PPP AR were not fully exploited. As Galileo constellations have been upgraded by increasing the number of 19 useable satellites, it makes using Galileo satellites to further study the triple-frequency UDUC-PPP ambiguity resolution (AR) possible. In this contribution, we proposed the method of multi-frequency step-by-step ambiguity resolution based on the UDUC-PPP model and gave the reason why the performance of PPP AR can be improved using triple-frequency observations. We used triple-frequency Galileo observations on day of year (DOY) 201, 2018 provided by 166 Multi-GNSS Experiment (MGEX) stations to estimate original uncalibrated phase delays (UPD) on each frequency and to conduct both dual-and triple-frequency UDUC-PPP AR. The performance of UDUC-PPP AR based on post-processing mode was assessed in terms of the time-to-first-fix (TTFF) as well as positioning accuracy with 2-h observations. It was found that triple-frequency observations were helpful to reduce TTFF and improve the positioning accuracy. The current statistic results showed that triple-frequency PPP-AR reduced the averaged TTFF by 19.6% and also improved the positioning accuracy by 40.9%, 31.2% and 23.6% in the east, north and up directions respectively, compared with dual-frequency PPP-AR. With an increasing number of Galileo satellites, it is expected that the robustness and accuracy of the triple-frequency UCUD-PPP AR can be improved further.
Introduction
The precise point positioning (PPP) technique has drawn a lot of attention from the Global Navigation Satellite Systems (GNSS) community due to its flexible operation, permitting centimeterto millimeter-level positioning accuracy with a single receiver and unlimited coverage, which has been widely used for engineering applications and scientific research for many years [1] . Taking advantage the Z-transformation leads to different linear ambiguity combinations forming according to the specific conditions for dual-and triple-frequency AR [21, 22] . For example, linear ambiguity combinations generated by the Z-transformation for dual-frequency case are usually (1, 1) and (−7, 8) , while linear ambiguity combinations for triple-frequency case are (0, 1, −1), (−2, 3, −1) and (−146, 162, −15) [23, 24] . The different linear ambiguity combinations have the disadvantage of comparing the performance of dual-and triple-frequency AR. Therefore, the predefined combinations of the EWL-WL-NL and WL-NL strategies for dual-and triple-frequency UDUC-PPP AR respectively are beneficial to control the influence of different linear ambiguity combinations on the positioning results.
UDUC-PPP Observation Equation
The Galileo original pseudo-range and carrier-phase observation equation on frequency band g (g = 1, 2, 3) from station i (i = 1, . . . r) to satellite j (j = 1, . . . s) can be expressed as [16, 25] 
where P j i,g and L j i,g denote the original pseudo-range and carrier-phase measurements in meters, respectively and ρ j i denotes the non-dispersive delay including the geometric distance (m), the clock errors (m), the tropospheric delay (m), etc.; the antenna phase center corrections should be applied to P j i,g and L j i,g before ρ j i becomes unassociated with the frequency. γ g is the frequency-dependent multiplier factor at frequency g, which can be expressed as γ g = f 2 1 / f 2 g and f is the signal frequency.
is the slant ionospheric delay on the E1 frequency (m). λ n is the wavelength of the phase measurement on the frequency band n (m). N s r,n is the integer ambiguity on each frequency signals (cycles). d i,g and d j,g denote the receiver-and satellite-specific hardware biases on P j i,g , respectively (m), while b i,g and b j,g denote the uncalibrated phase delays (UPD) at the receiver and satellite sides on L j i,g (cycles). ε j i,g and ξ j i,g denote unmodeled errors, such as random noise and multipath effects.
Extra-Wide-Lane Ambiguity Resolution
For triple-frequency PPP AR, the first step is to resolve the EWL ambiguities based on the corresponding Hatch-Melbourne-Wübbena (HMW) linear combination [26] [27] [28] . The EWL float ambiguity based on Galileo E5a and E5b signals from satellite j to station i can be expressed aŝ denotes the (0, 1, 1) combination of triple-frequency code measurements; and λ (0,1,−1) is the EWL wavelength. The detailed explanation of linear combinations of raw measurements is given in "Appendix A". It is noted that the EWL ambiguity obtained by Equation (2) contains both the satellite and receiver phase delays which undermine the integer property of the EWL float ambiguity [16] . We need to use the EWL satellite UPD product for getting rid of the satellite UPDs and also to calculate the single difference between the satellites (SD) observed at the stations for getting rid of the receiver UPDs. Then the SD EWL ambiguity can be easily fixed by rounding over epoch-by-epoch. The SD EWL integer ambiguity can be expressed as
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where ∆N denotes the SD EWL float ambiguity; ∆b j,(0,1,−1) denotes the SD satellite UPD provided by satellite UPD product; Round[] denotes the rounding symbol; I EW L denotes the EWL ionospheric error which is about zero; σ p denotes the pseudo-range measurement noise which is usually set at 0.3 m; σ L denotes the carrier-phase measurement noise which is usually set at 0.003 m; and µ (0,1,1) and µ (0,1,−1) are pseudo-range and carrier-phase noise amplitude factors which can be calculated according to Appendix A. Therefore, the EWL ambiguity noise σ EW L which is about 0.21 m can be easily obtained. As can be seen, EWL ambiguity characterizing long wavelength can be hardly effected by measurement noise and ionospheric error, leading to be very easily resolved.
Wide-Lane Ambiguity Resolution
The second step is to carry out the WL ambiguity resolution. The combinations of (1, −1, 0) or (1, 0, −1) exhibit good properties and are widely employed for WL AR [11, 14] . WL ambiguity in triple-frequency PPP can be resolved based on a fixed EWL ambiguity and EWL carrier-phase observables, instead of the corresponding HMW combination in dual-frequency PPP AR. The SD EWL phase observables with ambiguity can be expressed as
where ∆L denotes SD EWL phase observable; and λ (0,1,−1) denotes the EWL ambiguity wavelength. Then, the SD WL float ambiguity based on Galileo E1 and E5b signals can be expressed as
where ∆N j i, (1,0,−1) denotes the SD WL float ambiguity; ∆L j i, (1,0,−1) denotes the SD WL phase observable; γ (1,0,−1) and γ (1,0,−1) denotes the ionospheric scale factor of WL combination and EWL combination, respectively; ∆I j i,1 is the SD slant ionospheric delay on the E1 frequency; and λ (1,0,−1) denotes the WL ambiguity wavelength. Similar to Equation (3), the SD WL integer ambiguity can be expressed as
with
where ∆N j i,(1,0,−1) denotes the SD WL integer ambiguity; ∆b j,(1,0,−1) denotes the SD WL satellite UPD; and σ W L denotes the WL ambiguity measurement noise which can hardly affect the WL integer ambiguity resolution. As can be seen, rapid WL ambiguity resolution can be affected by the residual ionospheric error I W L . The traditional strategies for eliminating or reducing the residual ionospheric error are commonly using the ionosphere-free linear combinations [12, 14] ; however, these combinations are characterized with high-level noise and undermining ambiguity integer properties [15] . An alternative way for reducing the effect of ionospheric errors is to correct them with precise information of ionospheric delay estimated from UDUC-PPP model.
Another strategy for WL ambiguity resolution makes use of the corresponding HMW combination which is usually used in dual-frequency PPP ambiguity resolution. It can be expressed as
where
denotes the WL float ambiguity which is resolved by HMW combination and ∆ N j i,(1,0,−1) denotes the corresponding WL integer ambiguity. As can be seen, although the effect of ionospheric errors based on HMW combination is close to 0, the large measurement noise is about ten times the EWL-WL strategy. It is noted that the measurement noise of the EWL ambiguity is almost the same as the WL ambiguity which is resolved by the HMW combination, but the very long wavelength of the EWL ambiguity is almost immune to the noise.
Narrow-Lane Ambiguity Resolution
The third step is to resolve the NL ambiguity. Once the WL ambiguity resolution is completed, we can easily obtain the SD WL phase observable without integer ambiguity. It can be expressed as 
where ∆L j i,(1,0,−1) denotes the SD WL phase observable without ambiguity. The SD NL float ambiguity can be expressed as
where ∆N j i, (1, 0, 0) denotes the SD NL float ambiguity; ∆L j i, (1, 0, 0) denotes the SD NL phase observable;
γ (1, 0, 0) denotes the ionospheric scale factor of NL combination; and λ (1, 0, 0) denotes the NL ambiguity wavelength. With the SD NL satellite UPD product, the SD NL integer ambiguity can be expressed as
where ∆N j i,(1,0,0) denotes the SD NL integer ambiguity; ∆b j,(1,0,0) denote the SD NL satellite UPD; I NL denotes the NL ionospheric error; and σ NL denotes the NL ambiguity measurement noise.
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After the EWL, WL and NL ambiguity resolution are completed, we can obtain the SD integer ambiguity on each frequency, which can be expressed as
where ∆N j i,1 , ∆N j i,2 and ∆N j i,3 are SD original integer ambiguity on each frequency signals, respectively. These integer ambiguities on each frequency can be applied as constraint conditions to get the fixed UDUC-PPP solutions. Hence, the fixed parameters X can be expressed as [22] 
Comparison of Dual-and Triple-Frequency UDUC-PPP AR
As shown in Figure 1 , the main flows of dual-and triple-frequency UDUC-PPP AR are briefly summarized. As can be seen, Galileo observations and precise products are the prerequisite for both dual-and triple-frequency PPP. The data preprocessing and cycle slip detection are carried out before conducting PPP. Dual-or triple-frequency float solutions, including ionospheric delay information, can be easily obtained by the UDUC-PPP model. As we discussed above, dual-or triple-frequency AR can be sequentially resolved using the UPD product and ionospheric delay information. Except for taking advantage of additional observations, the benefit of triple-frequency AR lies in the EWL-WL AR which can weaken measurement noise compared with HMW WL AR. 
Experiment and Results
In this section, experiments were carried out in order to validate the abovementioned method. We start with the estimating and discussing the characteristics of the Galileo UPDs, which is the prerequisite in precise point positioning with integer ambiguity resolution. Subsequently, we compare the performance of the dual-and triple-frequency float UDUC-PPP. Finally, for the sake of analyzing the benefits of AR using triple-frequency observations, we conduct a dual-frequency PPP AR which uses the WL-NL strategy and a triple-frequency PPP AR which uses the EWL-WL-NL 
In this section, experiments were carried out in order to validate the abovementioned method. We start with the estimating and discussing the characteristics of the Galileo UPDs, which is the prerequisite in precise point positioning with integer ambiguity resolution. Subsequently, we compare the performance of the dual-and triple-frequency float UDUC-PPP. Finally, for the sake of analyzing the benefits of AR using triple-frequency observations, we conduct a dual-frequency PPP AR which uses the WL-NL strategy and a triple-frequency PPP AR which uses the EWL-WL-NL strategy.
Data Processing Strategy and Original UPD Estimation
The estimation of UPD is the prerequisite in precise point positioning with integer ambiguity resolution. We use UDUC-PPP schemes to directly estimate the original UPD on each frequency from which we can easily form any combined UPDs, such as EWL and WL UPDs [19, 21] . As shown in Figure 2 , 166 Multi-GNSS Experiment (MGEX) stations with 30 s sampling interval observations are used for generating triple-frequency original UPDs and 28 stations are used for investigating the performance of UDUC-PPP. Weekly coordinate solutions in the SINEX format are used as the reference coordinates. As shown in Table 1 , the L1, L5 and L7 carrier-phase measurements are used with identical modulations for the pseudo-range measurements, which correspond to those in the E1, E5a and E5b bands, respectively. Carrier-phase observations are given a standard deviation of 3 millimeters, while code observations are de-weighted by a factor of 100 [29] . An elevation-angle-dependent weighting strategy also assigns lesser weight to satellites closer to the local horizon. Precise orbit and clock products at intervals of 5 min and 30 seconds, respectively, provided by GeoForschungsZentrum (GFZ), are used. The Galileo satellite PCO/PCV corrections are corrected with an IGS14 ANTEX file. Since there are no Galileo-specific station PCO/PCV corrections available, GPS values are used as approximations. More details about the Galileo UDUC-PPP processing strategy were summarized in Table 2 . As shown in Figure 3 which depicts the fractional part of the Galileo satellite UPDs on DOY 201, 2018. (1, 0, 0), (0, 1, 0) and (0, 0, 1) UPDs denote the original UPDs on E1, E5a E5b signals, respectively. (0, 1, −1) and (1, 0, −1) UPDs denote the EWL and WL UPDs which could be easily obtained by linear combination of the original UPDs. In fact, original UPDs on each frequency have the advantage to allow for generating any kind of combined UPDs. As can be seen, the EWL UPDs are most stable throughout the whole day because of not only EWL ambiguities characterizing the long wavelength which is about 9.77 m but also EWL ambiguities getting rid of the geometry range as well as some atmosphere delay errors. Although WL ambiguities have similar characteristics as the EWL ambiguities, the relative short wavelength which is about 0.81 m is more easily impacted by measurement noise and multipath effects, which leads to the relative instability of WL UPDs. The original UPDs on each frequency are not stable because they cannot get rid of the impact of the geometry range as well as the atmosphere delay errors. Therefore, the original UPDs are more suitable to be estimated epoch-by-epoch, instead of establishing the forecasting model. as In order to further verify the improvement of convergence time using triple-frequency observations, the averaged positioning accuracy of all the test stations during the initialization was analyzed. In this study, the convergence time denoted the time when the positioning accuracy was better than 10 cm in successive five epochs. The statistics showed averaged positioning accuracy for each session of 5, 10, 20, 25 and 30 minutes, as shown in Figure 5 . As can be seen, the positioning accuracy could be improved in the east, north and up directions when using triple-frequency observations in each session. During the period of 20-30 minutes, the improvement of the positioning accuracy was the most significant, with about 10-15% in the horizontal direction and 6-7% in the vertical direction. The averaged convergence time for the current Galileo triple-frequency float PPP was about 30 minutes, with the improvement of about 10% compared with dual-frequency float PPP. It concludes that the additional observations are helpful to improve the performance of float PPP in terms of convergence time and positioning accuracy. In order to further verify the improvement of convergence time using triple-frequency observations, the averaged positioning accuracy of all the test stations during the initialization was analyzed. In this study, the convergence time denoted the time when the positioning accuracy was better than 10 cm in successive five epochs. The statistics showed averaged positioning accuracy for each session of 5, 10, 20, 25 and 30 min, as shown in Figure 5 . As can be seen, the positioning accuracy could be improved in the east, north and up directions when using triple-frequency observations in each session. During the period of 20-30 min, the improvement of the positioning accuracy was the most significant, with about 10-15% in the horizontal direction and 6-7% in the vertical direction. The averaged convergence time for the current Galileo triple-frequency float PPP was about 30 min, with the improvement of about 10% compared with dual-frequency float PPP. It concludes that the additional observations are helpful to improve the performance of float PPP in terms of convergence time and positioning accuracy.
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Discussion
Multi-frequency GNSS PPP-AR is the future direction. In this paper, we verified the triple-frequency UDUC-PPP AR using the Galileo observations provided by IGS-MGEX stations. The averaged statistics demonstrated that the TTFF of Galileo triple-frequency PPP AR was about 32 epochs (16 minutes), which reduced the TTFF by 19.6 % compared with the Galileo dual-frequency PPP AR and also reduced the convergence time by 27.2 % compared with the Galileo triple-frequency float PPP. The Galileo triple-frequency PPP AR improved the averaged positioning accuracy by 40.9, 31.2 and 23.6 % compared with the Galileo dual-frequency PPP AR and 53.3, 37.6 and 36.8 % compared with the Galileo triple-frequency float PPP, in the east, north and up directions, respectively. Our statistics about the contribution of triple-frequency observations were much better than those reported by Gu et al. [20] and Li et al. [21] . The reasons may be the fact that not only the precise orbits and clock products of the Galileo satellites but also the PCO/PCV corrections of the Galileo satellites are more accurate than that of the BDS satellites. 
Multi-frequency GNSS PPP-AR is the future direction. In this paper, we verified the triple-frequency UDUC-PPP AR using the Galileo observations provided by IGS-MGEX stations. The averaged statistics demonstrated that the TTFF of Galileo triple-frequency PPP AR was about 32 epochs (16 min), which reduced the TTFF by 19.6% compared with the Galileo dual-frequency PPP AR and also reduced the convergence time by 27.2% compared with the Galileo triple-frequency float PPP. The Galileo triple-frequency PPP AR improved the averaged positioning accuracy by 40.9%, 31.2% and 23.6% compared with the Galileo dual-frequency PPP AR and 53.3%, 37.6% and 36.8% compared with the Galileo triple-frequency float PPP, in the east, north and up directions, respectively. Our statistics about the contribution of triple-frequency observations were much better than those reported by Gu et al. [20] and Li et al. [21] . The reasons may be the fact that not only the precise orbits and clock products of the Galileo satellites but also the PCO/PCV corrections of the Galileo satellites are more accurate than that of the BDS satellites.
As shown in Figure 6 , although the triple-frequency AR has great potential to achieve instantaneous centimeter-level precise point positioning, there are still many challenges. As discussed above, there are two main factors that influence rapid PPP AR: measurement noise and residual errors of ionospheric delay. Compared with reducing ionospheric errors, measurement noise processing is more complex. There is no better way to deal with measurement noise but multi-epoch smoothing, which is an important factor limiting rapid PPP AR. Compared to the HMW combination strategy for dual-frequency WL AR, the EWL-WL strategy for triple-frequency WL AR greatly reduces the measurement noise which is the main reason to improve TTFF. As can be seen in Figures 7 and 8 , the improvement of the performance of triple-frequency AR is different in each station, which is mainly due to the difference of the ionospheric delay corrections, estimated by the UDUC-PPP model. Due to the current number of Galileo satellites, the accuracy of the ionospheric delay estimates based on the UDUC-PPP model is still limited, leading to unstable positioning results of the triple-frequency AR, as shown in Figure 6 .
Conclusions
As the number of Galileo satellites increases, we can take advantage of the Galileo constellation to conduct multi-frequency PPP AR. In order to verify that extra frequency signals can contribute to the performance of UDUC-PPP AR, this paper proposed the method of a multi-frequency step-by-step AR suitable for dual-and triple-frequency data processing, based on the UDUC-PPP model. The experiment results showed that the triple-frequency UDUC-PPP can be conducted with a significant improvement in terms of positioning accuracy and convergence time compared with dual-frequency PPP. The triple-frequency float PPP could contribute to improving the position estimations especially during the initialization phase. The averaged convergence time for the current Galileo triple-frequency float PPP was about 30 min, with the improvement of about 10%, compared with the dual-frequency float PPP. Compared with the dual-frequency WL-NL AR, triple-frequency EWL-WL-NL AR could obviously reduce the TTFF and also improve the positioning accuracy.
In addition, we also discussed the reasons why triple-frequency AR is more rapid than dual-frequency AR. The main difference between the dual-frequency AR and triple-frequency AR lies in the way the WL ambiguity is resolved. Using the cascaded strategy of EWL-WL for triple-frequency AR, which goes with ten times smaller measurement noise than the HMW combination WL strategy for dual-frequency, allows the WL ambiguity to be successfully resolved more easily and rapidly. Although the performance of the UDUC-PPP AR can be improved using triple-frequency observations, the accuracy of the ionospheric delay estimates is still a main factor which limits the instantaneous ambiguity resolution. We expect to improve the accuracy of ionospheric delay estimates through multi-GNSS and multi-frequency technology which can further improve the TTFF and the positioning accuracy of UDUC-PPP AR.
Appendix A. Linear Combinations of the Original Measurements Theory
The virtual observation equations for combined pseudo-range and carrier-phase measurements in meters can be expressed as: where (m, p, q) and (x, y, z) refers to the integer coefficients of triple-frequency pseudo-range and carrier-phase measurements, respectively; P j i,(m,p,q)
is a linear combination of triple-frequency code measurements [11] :
is a linear combination of triple-frequency carrier-phase measurements in meters, which can be similarly defined as:
γ (m,p,q) and γ (x,y,z) are the frequency-dependent ionospheric scale factor at combined frequency (m, p, q) and (x, y, z), which can be expressed as (taking γ (m,p,q) as example): is the combined ambiguity in cycles: respectively. Therefore, the variances of the linearly combined code and phase observations can be expressed as: 
where commonly σ p = 0.3 m, and σ L = 0.003 m; µ 2 (m,p,q) is defined as the noise amplitude factor:
